This is a facsimile of the circa 1990 unpublished manuscript with the same title. All the original text, figures and tables are included; although text has been reset in T E X, the original hand-drawn figures have been redrawn digitally, and the parameter k in the original table of lens spaces has been replaced with the originally intended λ. And, of course, this abstract has been added.
We also show that the knots satisfying Theorem 1 correspond to knots in lens spaces which are either 0 or 1-bridge knots in lens spaces and which have integer surgeries yielding S 3 . This alternative characterization may also prove useful in identifying knots of this type, and we describe it below.
We must also include a warning that there is a chance that the list of explicit descriptions of the knots satisfying Theorem 1, which we give, is not complete. We believe that there is fairly good evidence that it is complete but we do not have a proof of this fact.
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This leaves open the possibility that there are knots that satisfy Theorem 1 which are not on any of the lists we give.
At the end of the paper, we have included a table which gives those lens spaces L(p, q) with p ≤ 500 that are obtainable via surgeries on the knots in our list. However, to keep the size of the table small, we have not included those lens spaces which are obtainable only via surgeries on torus knots or cables about torus knots.
Introductory Definitions and Lemmas.
A Heegaard splitting (M, F ), of a closed, connected, orientable 3-manifold M is a closed, connected, orientable surface F embedded in M which separates M into two components whose closures are handlebodies V and W . If (M, F ) is a Heegaard splitting, then a choice of complete sets, say v and w, of meridional disks for V and W yields a Heegaard diagram (F, ∂v, ∂w), of (M, F ). We will also use the notation (F, v, w) for a Heegaard splitting when M , V and W are understood and our interest is in F and sets of cutting disks v for V and w for W . We always assume, unless indicated otherwise, that the number of intersections of ∂v with ∂w is minimal up to isotopy in F .
It is known that genus one Heegaard splittings of lens spaces are unique up to isotopy []. Thus if L(p, q)
is a lens space, then H 1 (L(p, q)) has a pair of distinguished generators which are represented by the cores of the two solid tori of a genus one Heegaard splitting of L(p, q). Here, and throughout the paper, we use integral homology. Let k be a knot in L(p, q) and − → g one of the distinguished generators of H 1 (L(p, q)).
and (λ, p) = 1, then λ is determined up to ±λ ±1 mod p. Thus, ±λ ±1 mod p is an invariant of k. We will have use for this invariant later.
Let M be a lens space. A knot k in M is a 0-bridge knot if k is isotopic to a knot k ′ lying in a torus which is a Heegard surface of a genus one Heegaard splitting of M . A knot k in M is a 1-bridge knot in M if k is not a 0-bridge knot in M and k is isotopic to a knot k ′ which intersects each of the solid tori of a genus one Heegaard splitting of M in a single unknotted arc.
If k is a knot in a 3-manifold M , the exterior of k is the complement of an open tubular neighborhood of k in M . Note that if k is a knot in manifold M and integer surgery on k yields a manifold N , then there is an associated knot k ′ in N whose exterior is homeomorphic to the exterior of k and which has an integer surgery yielding M . Lemma 1. Let k be a knot in S 3 which satisfies Theorem 1, suppose that integer surgery on k yields a lens space M , and let k ′ be the associated knot in M , then k ′ is 0-bridge or 1-bridge in M .
Proof. We use the notation used in the proof of Theorem 1. Observe that when a 2-handle is added to H along the surgery curve k, H becomes a solid torus V and ∂V is a genus one Heegaard splitting surface for M . Let V ′ be the other solid torus of this genus one Heegaard splitting. Let A be an annular neighborhood of the surgery curve k in ∂H. Note ∂D ′ 1 represents the associated knot k ′ in M and ∂D ′ 1 ∩ A is a subarc of ∂D ′ 1 which is an essential arc α in A. Let β be the subarc arc of ∂D ′ 1 that does not lie in int(A). Then β is an unknotted arc which lies in ∂V , and so it is certainly unknotted in V ′ .
Next consider the subarc α of ∂D ′ 1 . Let γ denote the arc ∂D 1 ∩ A. Then γ is an essential arc in A. And we may assume that A has been chosen so that α and γ are disjoint. Then α is parallel into the boundary of V via an isotopy which pushes the interior of α across a disk in H isotopic to D 1 , while keeping the endpoints of α fixed. In other words, α is unknotted in V . Thus the knot k ′ is the union of two arcs, α and β, intersecting only in their endpoints, with α unknotted in V and β unknotted in
Lemma 2. Let (F, ∂v, ∂w) be a genus two Heegaard diagram of S 3 and suppose that k is a simple closed curve in F such that k intersects ∂v 1 transversely exactly once, k intersects ∂w 1 transversely exactly once and k is disjoint from ∂v 2 and ∂w 2 . Suppose each curve ∂v 1 , ∂v 2 , ∂w 1 , and ∂w 2 is oriented, then all intersections of ∂v 2 with ∂w 2 have the same sign. If, in addition, there is no edge of the diagram with its endpoints on ∂v 1 or ∂w 1 , then the curves of the diagram can be oriented so that all intersections of ∂v n with ∂w m have the same sign for n, m ∈ {1, 2}.
Proof First note that because k intersects the cutting disks of each handlebody only once, there are no edges of the diagram (F, ∂v, ∂w) which have both endpoints on the same side of ∂v 2 or ∂w 2 . Next, note that if there are edges of the diagram with both endpoints on the same side of ∂v 1 or ∂w 1 , then we can replace ∂v 1 or ∂w 1 with a new cutting disk and obtain a new diagram with fewer intersections and still maintain the property that k intersects the cuttings disks in each handlebody only once. By [] if this diagram is nontrivial, then it has a wave ω. This now forces the claimed result as can easily be seen by examining the possible diagrams that can occur. Q.E.D.
Lemma 2 allows us to show that a 1-bridge knot in a lens space M , which has a Dehn-surgery yielding S 3 , is embedded in M in a particularly simple and pleasant manner.
Theorem 2. Let (F, v, w) be a genus one Heegaard splitting of a lens space M and let k be a 1-bridge knot in M such that Dehn-surgery on k yields S 3 . Assume that ∂v and ∂w intersect minimally up to isotopy in F . Then k is isotopic to a knot k ′ in M such that k ′ is the union of two arcs α and β, with α properly embedded in v and β properly embedded in w.
Proof. Since k is 1-bridge in M , we may assume that k is the union of two arcs α and β with α unknotted in V and β unknotted in W . It follows that we may also assume that β lies in F and that α is properly embedded in V with α disjoint from v. Note that if β is not disjoint from w, then there is an isotopy of w which makes w disjoint from β.
Let N be a small regular neighborhood of α in V . Then V minus the interior of N is a handlebody H of genus two. Let A be the annulus in which N meets H, and let m be an essential simple closed curve in A. Note that m represents a primitive element in π 1 (H) and there is a cutting disk v ′ for H, disjoint from v, such that ∂v ′ intersects m transversely exactly once. Now consider doing surgery on k to get S 3 . Since k is not 0-bridge, it follows that the exterior of k is not Seifert-fibered. Since M is irreducible, and surgery on k yields S 3 , the exterior of k must be irreducible. Then the Cyclic-Surgery-Theorem of [C,G,L,S] shows that the surgery which yields S 3 must be an integer surgery.
Next, note that the exterior of k is homeomorphic to H ∪ w. Let c be a simple closed curve on ∂H to which a 2-handle is added to perform the surgery. Then c intersects m transversely exactly once. Thus we have a genus two Heegaard splitting of S 3 with m intersecting the cutting disks of each handlebody once.
Lemma 2 then implies that if ∂v and ∂w are oriented, the intersections of ∂v and ∂w all have the same sign. This in turn implies that k is isotopic to a knot of the claimed form in M . Q.E.D.
Remark. Observe that Theorem 2 shows that a 1-bridge knot, in a lens space M , which has a surgery yielding S 3 , is isotopic to a knot which is simultaneously braided with respect to both of the solid tori of a genus one Heegaard splitting of M .
The next theorem, which follows from Theorem 2, shows that 1-bridge knots in a lens space, which have surgeries yielding S 3 , are distinguished by the homology classes that they represent.
Theorem 3. Suppose that k and l are 1 -bridge knots in a lens space M such that surgery on both k and l yields S 3 and
Proof The proof is easy and follows from the fact that k and l are isotopic to knots with the form shown to exist in Theorem 2. Q.E.D.
The following formula allows one to determine the lens space that results from performing surgery along a surgery curve that represents a double primitive knot in Theorem 1, provided one knows the homology class that the surgery curve represents in the boundary of the handlebody H. Lemma 3. Suppose k is a simple closed curve in ∂H satisfying Theorem 1. If
in H 1 (∂H), then surgery along k, on the knot represented by k, yields a lens space L(p, q), with p = |Aa + Bb|, a 2 q ≡ ±B ±2 mod p, and
Proof. Let h be an orientation preserving homeomorphism of
Since intersection numbers are preserved, we must have:
where i, j, r, and s are integers satisfying as− br = 1 and Ar + Bs = ai + bj. Now we want to change the basis of H 1 (H) so that the surgery curve − → k represents (1, 0) and project everything onto the other generator (0, 1) of H 1 (H). This can be done by forming the dot-product of φ(
and projecting to get:
where φ ′ denotes φ composed with projection onto the second coordinate of H 1 (H).
Recalling that performing surgery along k turns H into a solid torus V , we have a genus one Heegaard splitting of a lens space L(p, q) with a core of V represented by the generator (0, 1) of H 1 (H). In addition, φ( − → B ) represents a meridian of the other solid torus W of the genus one Heegaard splitting of L(p, q) and
Note that the multiple of (0, 1) which the core of W represents in H 1 (L(p, q)) determines q mod p. So we want to evaluate φ ′ ( − → b ) mod p. We will do this by observing that there is a relationship between q and the homology class which the knot k
we may take
, and assume, for the moment, that neither a nor B is congruent to zero mod p. Then aλ = −(Aar+Bas). Or, since, from the expression for p above, Aa ≡ −Bb mod p, aλ ≡ −B(as−br) mod p. But, since as − br = 1, aλ = −B mod p. Then if (a, p) = 1, λ ≡ −B/a mod p.
Next consider the equation Ar + Bs = ai + bj. Replacing Ar + Bs with −λ, then multiplying both sides by B and using the fact that Bb ≡ −Aa mod p, yields Bλ ≡ a(Aj − Bi) mod p. Then using λ ≡ −B/a mod p and replacing Aj − Bi with
mod p. This is the first of the two claimed formulas for q.
If a or B is congruent to zero mod p, then b is not congruent to zero mod p and A is not congruent to zero mod p. So this derivation can be repeated, with appropriate changes, to obtain alternative expressions λ ≡ A/b mod p for λ and b 2 q ≡ ±A ±2 mod p for q. Q.E.D.
Descriptions of the knots.
Those knots which lie in a solid torus and have non-trivial surgeries yielding a solid torus are a special case of the class of knots satisfying Theorem 1. The first six families of knots that we describe arise in this way. Next, we describe a family of knots each of which lives on a Seifert surface of a trefoil knot in S 3 , and another family of knots each of which lives on a Seifert surface of a figure-eight knot in S 3 . Then there are a final four families of knots satisfying Theorem 1, which we call "sporadic", and we conclude by describing them.
The knots arising from knots in solid tori with surgeries yielding solid tori. I) Torus Knots.
Let k be the simple closed curve in ∂H as illustrated by the R-R diagram in Fig. 2 . A family of knots obtained from a Seifert surface of a trefoil knot.
Let − → g 1 and − → g 2 be simple closed curves embedded in ∂H as in Figure 8 .
Insert Fig. 8 here.
We mention that if N is a regular neighborhood of − → g 1 ∪ − → g 2 in ∂H, then ∂N is a trefoil knotted curve c in S 3 and N is a Seifert surface for c. In the chosen homology basis for ∂H, we have [
Where, since k is a simple closed curve, (m, n) = 1. Note that the handlebody H is homeomorphic to N × I, and that the handlebody H ′ is also homeomorphic to N × I. Thus any nonseparating simple closed curve in N represents a free generator of both π 1 (H) and π 1 (H ′ ). It then follows from Theorem 1 that there is an integer surgery on k yielding a lens space. Since [
, it follows that the lens spaces obtained by integer surgeries on the knots in this family are of the form:
Remark. Observe that if m or n equals 0, then k is unknotted, while if |m| or |n| equals 1, then k is a torus knot. Hence, we may assume, without loss of generality, that |m| and |n| are greater than 1.
Theorem 4. A lens space L(p, q) is obtainable via an integer surgery on a knot embedded as a nonseparating simple closed curve in a genus one Seifert surface of a trefoil knot if and only if p is odd, not divisible by 9, every prime factor of p, not equal to 3, is congruent to 1 mod 6, and q ≡ ±((± − 1 ± √ −3)/2) ±2 mod p.
Proof. Consider the quadratic form Ax 2 + Bxy + Cy 2 . Recall from the theory of quadratic forms that the discriminant of such a form is B 2 − 4AC and that two quadratic forms in x and y are equivalent if replacing x with ax + by and y with cx + dy, where ad − bc = 1, in one form carries that form into the other.
Note that x 2 + xy + y 2 is a quadratic form with discriminant −3. If setting x = a and y = b yields p, with (a, b) = 1, then we see that it is necessary that −3 be a quadratic residue mod 4p. By applying the law of quadratic reciprocity, we see that the stated conditions on p are exactly the conditions necessary for −3 to be a quadratic residue mod 4p. On the other hand, it can be shown that these necessary conditions on p are also sufficient conditions for p to be expressible by some quadratic form of discriminant −3. However, it is known that any two quadratic forms of discriminant −3 are equivalent []. It follows from this fact that the conditions on p are also sufficient to guarantee that p can be expressed as p = a 2 + ab + b 2 with (a, b) = 1.
If p = a 2 +ab+b 2 with (a, b) = 1, let λ ≡ a/b mod p. Then λ satisfies the quadratic equation λ 1 +λ+1 ≡ 0 mod p. Thus λ ≡ (−1 ± √ −3)/2 mod p. Note that, for a given value of √ −3 mod p, the two possible values of λ are reciprocals mod p. Finally, by Lemma 3, q ≡ ±(λ) ±2 mod p. Q.E.D.
A family of knots obtained from a Seifert surface of the figure-eight knot.
Let − → g 1 and − → g 2 be simple closed curves embedded in ∂H as illustrated by Fig. 9 .
Insert Fig. 9 here.
Then, if N is a regular neighborhood of − → g 1 ∪ − → g 1 in ∂H, ∂N is a figure-eight knotted curve c in S 3 and N is a Seifert surface for c. In the chosen homology basis for ∂H, we have [
Where, since k is a simple closed curve, (m, n) = 1. Note that the handlebody H is homeomorphic to N × I, and the handlebody H ′ is also homeomorphic to N × I. Thus any nonseparating simple closed curve in N represents a free generator of both π 1 (H) and π 1 (H ′ ). It then follows from Theorem 1 that there is an integer surgery on k yielding a lens space. Since [
Remark. Observe that, as was the case for the family of knots based on a Seifert surface of a trefoil knot, if m or n equals 0, then k is unknotted, while if |m| or |n| equals 1, then k is a torus knot. Hence we may assume, without loss of generality, that |m| and |n| are greater than 1.
The following theorem characterizes those lens spaces which can be obtained by surgeries on the knots in this family.
Theorem 5. A lens space L(p, q) is obtainable via an integer surgery on a knot embedded as a nonseparating simple closed curve in a genus one Seifert surface of the figure-eight knot if and only if p is odd, not divisible by 25, every prime factor of p, not equal to 5, is congruent to ±1 mod 5, and q ≡ ±((−1± √ 5)/2) ±2 mod p.
Proof. The expression b 2 − ab − a 2 corresponds to a quadratic form of discriminant 5. Thus form can be analyzed in a fashion similar to that used for the form a 2 + ab + b 2 . We see that the stated conditions on p are necessary in order that p be representable by some quadratic form of discriminant 5. However, it is not hard to check that any two quadratic forms of discriminant 5 are equivalent. It follows from this fact that the conditions on p are also sufficient to guarantee that p can be represented as p = b 2 − ab − a 2 with (a, b) = 1.
Note that, for a given value of √ 5 mod p, the two possible values of λ are negative reciprocals mod p. Finally, by Lemma 3, q = ±(λ) ±2 mod p. Q.E.D.
Remark. Note that the construction of the proceeding two families works essentially because each knot in each family is a nonseparating simple closed curve embedded in a genus one Seifert surface of a fibered knot in S 3 . If there were other genus one fibered knots besides the left-and right-handed trefoil and the figure-eight knot in S 3 , or if the trefoil or the figure-eight knot had other inequivalent genus one Seifert surfaces, then we would expect to have other families of knots, with surgeries yielding lens spaces, obtained from curves embedded in these new Seifert surfaces. However, it is known, that the only fibered knots of genus one in S 3 are the trefoils and the figure-eight, and furthermore, that genus one Seifert surfaces of these knots are unique, up to isotopy []. So the families of knots obtained from Seifert surfaces of the trefoils and the figure-eight knot are the only such families that exist.
The "Sporadic" Knots Let k be the simple closed curve in ∂H obtained by twisting the simple closed curve c J times to the right about the curve t, as illustrated by the R-R diagram in Fig. 10 . Insert Fig. 10 here.
Note that in order for k to be embedded in ∂H, the parameters p, p ′ , m, m ′ , q, q ′ , and n, n ′ must be chosen so that pm And so, by Lemma 3, the lens spaces obtained by integer surgeries on the knots in these four families are of the form:
This completes the list of knots satisfying Theorem 1 known to us. We have not been able to prove that this list is complete. However, there is some computational evidence that it is complete. In particular, John Rosenberg kindly wrote a computer program for us which examined one-bridge knots, in lens spaces with fundamental groups of order less than 1000, for integer surgeries yielding S 3 , without finding any knots not on our list.
A presumably more interesting and more difficult problem than characterizing double-primitive knots on genus two Heegaard surfaces in S 3 is that of characterizing all knots in S 3 with Dehn-surgeries yielding lens spaces. Then there is the following natural question.
Question. If k is a knot in a lens space M such that Dehn-surgery on k yields S 3 , must k be a 0 or 1-bridge knot in M ?
The following table includes all lens spaces L(p, q) with p ≤ 500 which are obtainable via surgeries on knots in our list, except, to keep the size of the table managable, those lens spaces which are obtainable only by surgeries on torus knots and cables about torus knots are not shown. Included with each lens space L(p, q), in column λ, is a list of the homology classes in L(p, q) that are represented by 1-bridge knots which have Dehn-surgeries that yield S 3 . For example, the table shows that L(37, 10) contains two such 1-bridge knots.
In order to check whether a lens space L(p, q) with p > 500 is obtainable from a knot on these lists, some computation is necessary. Checking whether L(p, q) is obtainable from a torus knot, a cable about a torus knot, a knot based on a Seifert surface for a trefoil or figure-eight knot or a sporadic knot, is straightforward. To determine whether L(p, q) is obtainable from one of the remaining knots, one can do the following: The relationship p = Aa + Bb holds with 0 < 2A ≤ B and |a| = 1. Thus the value of B determines the value of A, a, and b. It then suffices to check those values of B such that q ≡ ±(B)
±2 mod p, for 1 < B ≤ max{8, 2p/5}, and to check whether the set of values {A, B, a, b} obtained satisfies the constraints for any of the knots in our list.
